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Abstract
In this paper, we consider the 1.5-dimensional orthogo-
nal terrain guarding problem. In this problem, we assign
an x-monotone chain T because each edge is either hor-
izontal or vertical, and determine the minimal number
of vertex guards for all vertices of T . A vertex vi sees
a point p on T if the line segment connecting vi to p is
on or above T . We provide an optimal algorithm with
O(n) for a subproblem of the orthogonal terrain guard-
ing problem. In this subproblem, we determine the min-
imal number of vertex guards for all right(left) convex
vertices of T . Finally, we provide a 2-approximation al-
gorithm that solves the 1.5-dimensional orthogonal ter-
rain guarding problem in O(n) time.
1 Introduction
A 1.5-dimensional(1.5D) terrain T is an x-monotone
polygonal chain specified by n vertices V (T ) =
{v1, ..., vi = (x(vi), y(vi)), ..., vn} ordered from left to
right, such that x(vi) ≤ x(vi+1) (strict monotonic-
ity is often assumed). The vertices induce n-1 edges
E(T ) = {e1, ..., ei = (vi, vi+1), ..., en−1}. Terrain T is
called an orthogonal terrain if each edge e ∈ E(T ) is
horizontal or vertical.
A point p sees q (and q sees p) if the line segment pq
lies above T , or more precisely, if it does not intersect
the open region that is bounded from above by T and
from the left and right by the downwards vertical rays
emanating from v1 and vn.
There are two types of terrain guarding problems.
One is the continuous terrain guarding problem, the ob-
jective of which is to determine a minimum cardinality
subset of T that guards T . The other is the discrete
terrain guarding problem, where the goal is to guard
candidate set G and witness set W on T , the objective
is to determine a minimum cardinality subset of G that
guards W . So far, the study of the orthogonal terrain
guarding problem has focused on solving discrete ter-
rain guarding problems, where guarding candidate set
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G and witness set W are the vertices of the terrain.
1.1 Related works
Let a terrain T denote an x-monotone chain. Some
researchers have considered an orthogonal terrains. A
vertex vi of a orthogonal T is convex (reflex) if the angle
formed by the edges ei−1 and ei above T is of 90◦(270◦).
An orthogonal terrain distinguishes between two types
of convex vertices: a left convex and a right convex. A
convex vertex is a left (right) convex vertex if ei−1(ei)
is vertical.
Katz and Roisman [1] provided a 2-approximation
algorithm for the problem of guarding the vertices of
an orthogonal terrain. The researchers constructed a
chordal graph that reveals the relationship of visibility
between vertices. An orthogonal terrain guarding prob-
lem can be formulated as a 2-approximation algorithm
by using the algorithm to compute the minimum clique
cover of a chordal graph[2].
Durocher et al. [3] suggested a linear-time algorithm
to guard the vertices of an orthogonal terrain under a
directed visibility model. Directed visibility mode con-
siders various types of vertices with different visibilities.
If u is a reflex vertex, u sees a vertex v of T if and only
if every point in the interior of the line segment uv lies
strictly above T . If u is a convex vertex, then u sees a
vertex v of T if and only if uv is a non-horizontal line
segment that lies on or above T .
Lyu and U¨ngo¨r [4] formulated a 2-approximation al-
gorithm for the orthogonal terrain guarding problem
that runs in O(nlogm), where m is the output size.
They provided an optimal algorithm for the subprob-
lem of the orthogonal terrain guarding problem. Based
on the type of vertex of orthogonal terrain, the subprob-
lem with the objective of finding a minimum cardinality
subset of V (T ) that guards all right(left) convex verte-
ices of V (T ). The optimal algorithm can be performed
through stack operation to reduce time complexity. The
O(nlogm) time 2-approximation algorithm was previ-
ously considered the best algorithm for the orthogonal
terrain guarding problem.
King and Krohn [5] employed a 1.5D terrain to prove
that the general terrain guarding problem is NP-hard
through planar 3-SAT.
In early studies of the 1.5D terrain guarding problem,
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the algorithm design of the constant-factor approxima-
tion algorithm was discussed.
Ben-Moshe et al. [6] provided the first constant-
factor approximation algorithm for the terrain guarding
problem and left the complexity of the problem open.
King [7] devised a simple 4-approximation algorithm
that was later determined to be a 5-approximation al-
gorithm. In 2011, Elbassioni et al. [8] formulated a 4-
approximation algorithm.
Gibson et al. [9] considered the discrete terrain guard-
ing problem that determines the minimal cardinality
from a candidate point to the target point set. The re-
searchers proved the existence of a planar graph that
appropriately relates the local and global optimum,
thereby indicating that the discrete terrain guarding
problem enables the application of a polynomial time
approximation scheme (PTAS) based on a local search.
For the continuous 1.5D terrain guarding problem,
Friedrichs et al. [10] constructed finite guard and witness
sets G and X such that there existed an optimal guard
cover G′ ⊆ G that covers terrain T , and that when these
guards monitored all points in X, the entire terrain was
guarded. The continuous 1.5D terrain guarding prob-
lem applied a PTAS through the construction of a finite
guard and witness set and former PTAS[9].
1.2 Our results and problem definition
In this paper, we describe a 2-approximation algorithm
that runs in O(n) time. This algorithm is an improve-
ment on what was previously considered the best al-
gorithm [4], namely a 2-approximation algorithm with
O(nlogm) running time where n and m are the size of
the input and output, respectively. The orthogonal ter-
rain guarding problem is defined as follows.
Definition 1 (orthogonal terrain guarding prob-
lem). Given an orthogonal terrain T , compute a subset
G⊆V (T ) of minimum cardinality that guards V (T ).
1.3 Paper organization
The remainder of this paper is organized as follows: Sec-
tion 2 describes the preliminaries; Section 3 provides
an optimal algorithm for the right (left) convex ver-
tex guarding problem, as well as its proof; Section 4
reveals the O(n) time 2-approximation algorithm for
the orthogonal terrain guarding problem; and Section
5 presents our conclusions.
2 Preliminaries
Given an orthogonal terrain T , we denote the x- and
y-coordinates of a vertex v ∈ V (T ) by x(v) and y(v),
respectively, as well as the rightmost(leftmost) vertex of
v that sees v by R(v)(L(v)). The symbol vis(v) denotes
the visibility region of v with vis(v) = {u ∈ v(T ) | v
sees u}.
V (T ) can be broken down into the right convex ver-
tex, left convex vertex, right reflex vertex and left reflex
vertex. A vertex vi of an orthogonal terrain T is con-
vex (reflex) if the angle formed by the edges ei−1 and
ei above T is 90
◦(270◦). A convex vertex is left (right)
convex if ei−1(ei) is vertical. Also, if the leftmost (or
rightmost) vertex of T is an endpoint of a horizontal
segment, it is marked as a convex vertex. We denote
the set of left convex vertices by VLC(T ), the set of
right convex vertices by VRC(T ), the set of left reflex
vertices by VLR(T ) and the set of right reflex vertices
by VRR(T ). Figure 1 illustrates an example of convex
and reflex vertices of a terrain.
Figure 1: Vertex types of the orthogonal terrain.
Using Figure 1, an easy observation are made on or-
thogonal terrains:
Observation 1 A vertex v ∈ VLR(T ) sees at most two
right convex vertices vj and vk, one of which is imme-
diately to the right of v, and the other is immediately
below v.
For example, v14 is a left reflex vertex that sees v13
and v15, but it cannot see v3, v5 or v18.
Observation 2 The leftmost v in VRC(T ) sees at most
one left reflex vertex, which is immediately above v.
In Figure 1, v3 is the leftmost vertex in VRC(T ) and
v3 sees v4 ∈ VLR(T ). If v3 is seen by any vp ∈ VLR(T )
such that x(vp) 6= x(v3), v2 must be the left reflex vertex
and v1 must be the right convex vertex; however, this
contradicts v3 being the leftmost right convex vertex
and v1 being the right convex vertex.
Observation 3 Let v be a right convex vertex and u be
any vertex such that x(L(v)) < x(u) < x(v), we have
y(u) ≤ y(L(v)).
Take Figure 1 for example, v13 is a right convex
vertex, v7 is the leftmost vertex in vis(v13) and ev-
ery vertex of {v8, v9, ..., v12} is not above v7. Con-
sider, for Observation 3, if v be a left reflex vertex and
x(L(v)) < x(u) < x(v), u can be located above L(v).
For example, v6 is a left reflex vertex and v1 sees v6, but
v4 is above v1.
In addition, regarding the 1.5D terrain guarding prob-
lem, Ben-Moshe [6] derived a visibility relation of or-
dered vertices that was also employed in a few studies
[7, 8, 9, 1, 3]. Their lemma is stated as follows:
Lemma 1 ([6]) Let a, b, c, d ∈ V (T ) be four vertices of
a terrain T such that x(a) < x(b) < x(c) < x(d). If a
sees c and b sees d, a sees d.
Other studies on the orthogonal terrain guarding
problem have propounded some visibility relations, such
as
Lemma 2 ([1]) If v ∈ VRR(T ) sees u ∈ VRC(T ), v on
the left side of u.
Lemma 3 ([3]) If v ∈ VRC(T )∪VLC(T ) is higher than
u ∈ VRR(T ) ∪ VLR(T ), u cannot see v.
3 Optimal algorithm for the right (left) convex ver-
tex guarding problem
In this section, we propose an optimal algorithm for the
right (left) guarding problem. The optimal algorithm
for the right(left) guarding problem can be expressed in
the from of a 2-approximation algorithm for the orthog-
onal terrain guarding problem. We design the algorithm
through a visibility relationship between reflex vertices,
and then prove that the output is the optimal solution.
We first define the right(left) convex vertex guarding
problem.
Definition 2 (right convex vertex guarding prob-
lem). Given an orthogonal terrain T , a subset
Gr⊆VLR(T ) ∪ VRR(T ) of minimum cardinality that
guards VRC(T ) is computed.
Definition 3 (left convex vertex guarding problem).
Given an orthogonal terrain T , a subset Gl⊆VLR(T ) ∪
VRR(T ) of minimum cardinality that guards VLC(T ) is
computed.
Lemma 4 If vi ∈ VRC(T ) and y(L(vi)) < y(vi+1), then
L(vi) cannot guard vj ∈ VRC(T ) that is on the right side
of vi+1.
Proof. For j > i+1, we consider two cases vj ∈ VRC(T )
into y(vj) > y(vi+1) and y(vj) ≤ y(vi+1).
Case 1 y(vj) > y(vi+1)
If y(vj) > y(vi+1), we know that L(vi) cannot guard vj
when j > i + 1 based on Lemma 3.
Case 2 y(vj) < y(vi+1)
If y(vj) < y(vj), line L(vi)vj and line vivi+1 have an
intersection point below vi+1; therefore, L(vi) cannot
guard vj . 
Lemma 5 An optimal solution for the right convex
guarding problem includes the highest vertex vj ∈ vis(vi)
such that vi is the leftmost right convex vertex.
Proof. We discuss the visibility relationship between
reflex vertices vk ∈ S = vis(vi)∩{VLR(T )∪VRR(T )} to
prove Lemma 5. The set S contains a left reflex vertex
and right reflex vertices by Lemma 2 and Observation 2.
Finally, we can prove the highest vertex vj ∈ S such that
vis(vj) ∩ VRC(T ) = vis(S) ∩ VRC(T ).
First, we discuss the visibility relationship between
vertices in SL = vis(vi) ∩ VRR(T ). We know that
vis(L(vi)) ∩ VRC(T ) = vis(SL) ∩ VRC(T ) based on
Lemma 1, and L(vi) is the highest vertex in the set
SL based on Observation 3, as illustrated in Figure 2.
Figure 2: The vertex L(vi) is highest vertex in the set
SL and vis(L(vi)) ∩ VRC(T ) = vis(SL) ∩ VRC(T ).
Next, according to Observation 2, we discuss the vis-
ibility relationship between L(vi) and vi+1. According
to Lemma 1 and Observation 1, if y(L(vi)) ≥ y(vi+1),
vis(L(vi)) ∩ VRC(T ) ⊇ vis(vi+1) ∩ VRC(T ). On the
contrary, if y(vi+1) > y(L(vi)), vis(vi+1) ∩ VRC(T ) ⊇
vis(L(vi)) ∩ VRC(T ) based on Lemma 4.
Finally, we know that if vj is the highest vertex in the
set S, vis(vj) ∩ VRC(T ) = vis(S) ∩ VRC(T ). 
Based on Lemma 5, we propose Algorithm 1 to com-
pute a Gr ⊆ VLR(T ) ∪ VRR(T ) of minimum cardinality
that guards VRC(T ). In this paper, we confine our at-
tention to the number of |Gr|.
Theorem 6 The solution Gr of Algorithm 1 is an op-
timal solution for right convex vertex guarding problem.
Algorithm 1: Compute a Gr ⊆ VLR(T ) ∪ VRR(T )
of minimum cardinality that guards the VRC(T ).
Input: T : terrain
Output: Gr
Compute all L(vi) for vi ∈ VRC(T );
Gr is null;
for vi ∈ T processed from left to right do
if vi ∈ VRC(T ) is not guarded by Gr then
Gr ← a highest vertex in {L(vi), vi+1}
return Gr
Proof. In each iteration of Algorithm 1, we added
the leftmost unguarded right convex vertex vi to X =
{x1, x2, ..., xb} ⊆ VRC(T ). According to line 4 of Al-
gorithm 1, we know that Gr = {g1, g2, ..., gb}, xi ∈
X is guarded by gi ∈ Gr and |Gr| = |X|. As-
suming that xi, xj ∈ X and i < j, we know that
vis(xi)∩ vis(xj)∩{VRF (T )∪VLF (T )} = ∅. If vis(xi)∩
vis(xj) ∩ {VRR(T ) ∪ VLR(T )} 6= ∅, xj ∈ vis(gi). There-
fore, Gr is the minimum cardinality set that guards X
and vis(Gr) ∩ VRC(T ) = VRC(T ). 
4 An O(n) time 2-approximation algorithm for or-
thogonal terrain guarding
In this section, we provide a O(n) time 2-approximation
algorithm for orthogonal terrain guarding. This is an
improvement over the 2-approximation algorithm with
O(nlogm) running time proposed by Lyu et al.[4]. We
discuss the approximation ratio and time complexity of
Algorithm 1 in this section.
First, we discuss the relationship between the orthog-
onal terrain guarding problem and the right(left) con-
vex vertex guarding problem. According to [1] and [4],
the orthogonal terrain guarding problem can be divided
into left convex vertex and right convex vertex guarding
problems. If we unite the optimal solutions of the left
and right convex vertex guarding problems, the union
provides a 2-approximation solution for the orthogonal
terrain guarding problem.
Next, we demonstrate that Algorithm 1 runs in O(n).
In Algorithm 1, the point is the time complexity of line
4. Algorithm 1 runs in O(n) because line 1 ran in O(n)
in [3]. Lines 3 and 4 runs O(n) in all algorithms.
Lemma 7 If vi, vj , vk ∈ V (T ), vk is the leftmost vertex
in the set {vk′ ∈ vis(vi) | i > k′ > j} and ∠vivkvj ≤
180◦, then vi sees vj.
Proof. Assume that i > k > j, vk is leftmost ver-
tex in the set {vk′ ∈ vis(vi) | i > k′ > j} and
∠vivkvj ≤ 180◦(the angle ∠vivkvj is shown in Figure 3).
If vi cannot see vj , a vertex vp exists and lies above the
line segment vkvj and between vk and vj ; however, the
assumption that vi cannot see vp is contradictory. 
Figure 3: Lemma 7.
Based on Lemmas 1, 7 and 4, Algorithm 1 processes
line 4 for all vi ∈ VRC(T ) in linear time. If va ∈ Gr
guards vi, g(vi) = va. For each vi, we examine whether
vi is guarded by ga from vi to g(vi) such that x(g(vi)) ≥
x(L(vi)). If vj ∈ VRC(T ), j < i, we do not visit vk ∈
V (T ) such that x(g(vj)) < x(vk) < x(vj). Moreover, if
g(vi) is vi+1, we do not visit the vertex between L(vi)
and vi. After computing L(vi) for all vi ∈ VRC(T ),
Algorithm 1 runs in O(n). We describe Algorithm 2 for
Algorithm 1 in greater detail as follows:
Algorithm 2: Compute a Gr ⊆ VLR(T ) ∪ VRR(T )
of minimum cardinality that guards the VRC(T )
Input: T : terrain
Output: Gr
Gr is null;
V (T ′)=V (T );
for vi ∈ VRC(T ) processed from left to right do
if Gr is null then
g(vi) be a higher vertex between L(vi) and
vi+1;
Add g(vi) to Gr;
Remove the vertics between vi and L(vi)
from V (T ′);
else
while g(vi) is null do
gj be the rightmost vertex in
Gr ∩ V (T ′);
if vi is guarded by gj then
g(vi) is gj ;
Remove the vertices between vi and
gj from V (T
′);
else if x(gj) < x(L(vi)) then
g(vi) be a higher vertex between
L(vi) and vi+1;
Add g(vi) to Gr;
Remove the vertics between vi and
L(vi) from V (T
′);
else
Remove gj from V (T
′);
return Gr
Figure 4: The example for Algorithm 1.
Theorem 8 Algorithm 1 runs in O(n).
Proof. For each vi ∈ VRC(T ), we examine whether vi
is guarded by g ∈ Gr from vi to g(vi). If g(vi) = g = vj ,
Algorithm 1 does not visit vk ∈ {vk′ ∈ V (T ) | j < k′ <
i}. Assume that g(vi) is vi+1 and L(vi) = vp, we will
not visit {vq ∈ V (T ) | p ≤ q ≤ i} by Lemma 4. There-
fore, the algorithm visits the vertex at most 3|V (T )|
times. 
An example is provided in Figure 4. Vertex v7 is the
leftmost right convex vertex in T . In the first round, al-
gorithm 2 visits vertices v7, v6, ..., v1 and records g(v7) =
v1 = L(v7). In the second round, the algorithm vis-
its vertices v9, v8, v7 and v1. Because v1 ∈ Gr and
v1 = L(v9), the algorithm records g(v9) = v1. In the
third round, algorithm visits vertices v11 and v10 be-
cause v10 = L(v11). Because y(v10) < y(v12), g(v11)
is v12. In the fourth round, g(v17) is v15. In the fifth
round, the algorithm visits vertices v19, v18, v17 and v15.
Based on v15 ∈ Gr and ∠v19v18v15 < 180◦, the algo-
rithm records that g(v19) is v15. In the final round, the
algorithm vertices v21, v20, v19, v15, ..., v12 and records
that g(v21) = v12.
5 Conclusion
This paper considers the problem of guarding the or-
thogonal terrain vertex V (T ) with the minimum num-
ber of vertex guards. Our algorithm can determine the
minimal cardinality vertex that guards the right (left)
convex vertex of T . This paper demonstrates that our
algorithm runs in O(n) where n is the number of ver-
tices on T . Therefore, we provide a 2-approximation
algorithm for the orthogonal terrain guarding problem
in O(n).
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